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Mathematics Specialist Unit 3, 2016, Semester One Solutions

Section One

1. (6 marks)
@ ()
y v
A f <
J //
| el |, y=f&)
2—_/ — > X
) .| 1 2 »
K - V‘
(1)
(i) f(x)=mh(x) ¥
f(x)=e" v (2)
i) f':xeR v y>0,yeR ¥V (2)
(iv) If f(e’)=2then f'(2)=€" v (1)
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2. (10 marks)

(@)

(c)

2
10
-3

S O N
S »n O
- o O

z=-3
S5y=10=>y=2
2x=2=x=1

Pointof intersection is (1,2,-3)

1 2 -1|3
0 2 01
0 0 0|2

0=2 No solution v
The lines of intersection of any two of the planes are parallel. v (2)

1 2 5|2
01 3|6
0 0 0]O0

0=0 Aninfinite number of solutions. v
Two of the planes could be identical and intersect the third plane or the

three planes intersect in one line. v (2)
11 1 0

2 -1 2 -6
2 2 1 -5
11 1 0]

0 3 0 6 2R —R, v
0 4 -1 -5] R, -2R, v
11 1 0]

0 4 -1 -5 Swap rows 2 and 3
o3 0 6]
3y=6—>y=2

—4(2)—22—5—)22—3
x+2-3=0->x=1 Vv

The point of intersection is (1,2,-3)

®)

Solutions
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Solutions

3. (8 marks)

@ 0 r)=—""

x(x—2)
N (2x—1) (2x—1)
W o) =g a7
(il f(x):x((;__j) "y

4. (13 marks)

(a) (z—(1+2i))(z—(1-2i))(z—4)=0 v
((z-1)-2i)((z-1)+2i)(z-4)=0
(27 -2z+1-4i*)(z-4)=0
(z —22+5)( )=0

2’ =6z +13z-20=0 Vv

a=—-6, b=13, ¢c=-20 Vv

(b) ZZ+2z°+2z+1=0

Using synthetic division with z=—1  You can use long division but slower

224222 42241=0 ~.z=-1 so z+1isa factor
1h 2 2 1 22+ z4+ 1
-1 -1 -1 v method Z+1)23+222+22+1
3 2
1 1 1 0 _(Z +Z)
~z=—-1 OR z’+z+1=0 v 22 +2z
__Tlxyi-4 -(+ 2)
2
5 z+1
Z:—li2\/—3 _ 1i2 3 v —(z+1)
1+, 0
T z==lor Z2+z+1=0
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© @) z=-8
z = 8CiS(7'C)
z = 8cis(n+2mc) nekR
1
z= 2(cis(Tc+2nn))g
i (n+2nn
z =2cis v
3
(T .
n=0, z=2cis §]=1+\/§l
3n ) .
n=1, z= 2czs(?} = 201s(n) = —1+\/§1
i
n=-1, z=2cis -3 =1-+/3i Vv -1/error
(3)
2
(i)  The roots are Tn apart around the origin. (1)
(iii)
Y
v'v' -1 per error

(2)
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5. (13 marks)
(@ (2-2i) =2'(1-i)’ (1)

o (5]

:16><4><cis(—n)

= 64(-1+0i)
=—64 v
-1 247 1
0 -2
3+7 1-i i
3—i 3-i 241 1+i 1 i
= X — X + —X- v
3+i 3-i 1-i 1+i i i
:8—6i_1+3i_i v
10 2
:3—311' v
10
(3)
(c) x+yi=(2+3i)(3—4i)
=6+9i—8i—12i°
=18+i
x=18, y=1
v v (2)
(d)
> Re(2)
-1 per error
v “a
(2)
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(e)

Im(z)

4

3__

9]

: Z]//

T 7 =7

—

N,
1

N

—Z vv

2

. 3nj
cis| —
3
= 2xcis(n—£—ﬂ:j
4
= 2xcw(—2) v
4

ol
=1-i Vv

()

(z)

Xz, =1-1

END OF SECTION ONE
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Section Two
6. (19 marks)

(@ () nr(t)=(sin(z))i+(cos())j and r,(¢)=(sin(r))i—(cos(t))].
x=sin(t) y=cos(t) x=sin(t) y=—cos(t)
sin’ ()+cos () 1 v
=>x+y'=1 Vv x>+ =sin’ (t)+(—cos(t))2
= sin (1) +cos* (1) v

Lxi+yt=1

N>

d
\.

@ n0)-}] SUR

-1
o o See diagram (2)
ol ()
e V3
(IV) r (Ej = 2 r, (—EJ = 2 v
3 1 3 1
2 2

Distance apart is 1 unit. v

(2)
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(b) () r(r)=(6sin(t)+2cos(t))i + (6sin(t)-2cos(t))]
v (1 ):(6cos —2sin(t))i+(6cos(t)+2sin(t))j vv
a(1)=(—6sin(t)—2cos(t))i + (=6sin(t)+2cos(t))j v
a(t)= ((6sm( )+2cos(t))i + (6sin(t)=2cos(t))j) v

a(t)=-r(1)

()ov(t) (”()6sm(t)+200s t)] (6cosgt) 2sin t;J P

( (
6szn(t) 2c0s(t) 6 cos t)+2szn(t
=( (t)+2cos(t))><(6cos(t) 2s1n(t))
(6sm(t) ZCos(t)) (6c0s( )+2sin(t)) v
:36sin( cos +M—12 2(t) —4sin(t )cos
+36sm cos M+M 4sm cos )

r(t)ov(t)=64sin( )cos(t) v
3)
(i) If r(t)o v(t) =0 then 64Sin(t)cos(t) =0
32Sin(2t) =0
2t=0, 7w, 21
t=0, g) T v
3)

7. (7 marks)
(a) r(t) = I( cos(St)i+ sin(St)j)dt

:Sin(St)i_COS(St)j+c v But Y(Ej:_lj
5 5 5

5
.'._lj: sin%_cos(n)j+c P
5 5 5
—l'—l'+c = c——z'
5J—SJ = 5J v
sin(5t 2+cos(5t
- _2reen(s)
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(b) r(r)= I( cos(5t)i+ sin(St)j)dt

v(t) = cos(5¢)i+sin(5t) j v
a(t)=—5sin(5t)i+5cos(5t)j v

(C) r(t)zSingSt)i—COSSt)j—%j N r(O)z—%j Y

V(t)zcos(St)i+sin(5t)j = V(O):i v

8. (3 marks)
0 -3
AB=|-1|, AC=| -1 v
0 0
ABxAC=0i+0j+3k
0
-lo| v
-3
0 0
Therefore the unit vector requiredis | 0 | ¥ NB | 0 | is also OK
-1 1
3)
9. (6 marks)
(@ P(1,0,-2),0(-1,2,1)and R(0,3,1)and S(a, b, c)
Q(_]azal)
R(0,3,1
P(1,0,-2) (0:3.1)
S(a,b,c)
-2 -a
PO=| 2 |, SR=|3-b v
3 I-c
PQ =SR

La=2, 2=3-b=>b=1, 3=l-c=>c=-2
S(2,1,—2) v

10
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Solutions

2 -1
b axb=|0 x| 3
(b) (i) 3 4

axb=-9i-11j+6k v

(i) Area, :%axbxsin(C)

Area, =%|a><b| v’ as |axb|=|a||b|sin(6) where 8 is the angle
9 between a and b.
Y
2 6
:l\/81+121+36
2
=%\/238

Area, =7.71 units> v

10. (7 marks)

1

AP = v
1 1 0
Equation of plane is r(t)=| 0 |+t| 4 [+s| 2| v
1 3 2
1 1 0
(i) r(t)=]0|+t]4|+s|2| Test M(6,20,16)
1 3 2

x=1+¢t, y=4t+2s, z=14+3t+2s
fx=6=¢=5s0y=20+2s z=16+2s

If y=20=5=0 . z=16

Yes, the point M (6,20,16) belongs to the line. v’

1
(@ (i) Use 0} to find vector between P(1,0,1) and A(1,2,3) v
0
2
2

11
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(b) (i) John:
3 -1 0
214+ 1 |t=|5
0 1 3
3—t=0=>¢=3

2+t=5 Yes, t=3
0+t=3 Yes, t=3

John takes 3 seconds to reach the parcel. v (1)
(i)  James:
-2 1 0
I [+] 2 [t=|5
0 1.5 3

2+t=0=>1¢=2
1+2t=5 Yes, t=2
0+1.5¢=3 Yes, t=2
James takes 2 seconds to reach the parcel so he gets to

the parcel first. v/ (1)
(i)  John: James
-1 1
1 =3 2 | =+7.25
1 1.5
James moves with the greater speed. 4 (1)
11. (6 marks)
2m 1
(a) m|el-1|=0=22m-m+6=0=>m=-6 v
2 3
v (2

b () (x=1)+(y+3) +(z-2) =25
Substitute P(3,1,1)

v
(3-1) +(1+3) +(1-2)’ =4+16+1=21<25
The point is INSIDE the circle. v (2)
x—1
(i) | y+3|=50r|(x-1)i+(y+3)j+(z-2)k|=5 vV (2)
z-2

12
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Solutions

12. (6 marks)
(@ v(0)=i r(0)=j 4

a(0)=-9.8

v(t)=-9.8¢t j+c,

Att=0 i=c,

ow(t)=i-98tj VvV

r(t)=ti-4.9¢ j+c,

Att=0 j=c,

g r(t)=ti+(1—4.9t2)j v

At h=0, x=2 h=1-49"
2:%09 t>0
t=0.4517539515

x=t so x=045m

The ball hits the floor 0.45 m from the table.

(b) The ball took 0.45 seconds to hit the floor. v (1)
13. (12 marks)
(a) {z: ‘z—(1+i)‘£2 M §<arg(z)sg} -1/error
v v v’ correct inequalities (3)

(b) |z-1-2i|=|z+2-i| (1,2) (-2,1)

Im(z)

midpoint is (-0.5,1.5)

2
¥

(1,2)

]

Re(z)

13
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© () (1+x/§i)(1+i)=(1—«/§)+(l+x/§)i v (1)
(i) 1f z=(1++/3i)(1+7) show that |z| =212 and arg(z)=§+§.
‘(1+\/§i)(1+i)=‘(1—\/§)+(1+\/§)i
=\/(1—\5)2+(1+\6)2 v
:\/1—}4§/+3+1+}d§/+3
NS
=22
arg(z)=arg((1+\/§i)(l+i))

=arg(1+\/§i)+arg(1+i)

(i)  Show that sin(Ej= N
)

1443 from (c) (i)
" 22 from (¢) (i)

14
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14. (17 marks)

(@) (i) The inverse exists because the function is a one to one function so

for every x value, there is a unique y value. vV (2)
Y v _
() . t y=g"'(x)
8
: /
. |
. /
4 v
T T e
L
1
(= X
1 2 3 4 5 6 7 8 9
(2)
(i) y=g'(x)=x> x>0 y=g'(x)20 vV (2)
iv) g'(4)=16 v (1)

(b) Show that f(g(x)) = g(f(x))

fg(x)=r(2-x)=2(2-x)-1=3-2x v
g(f(x)):g(2x—1):2—(2x—1):3—2x=f(g(x)) v
(2)
© () y=p(e(x)=p(x’-3)=1-(¥-3)=V4-x v v
which is defined for -2<x<2. Vv (3)
(i) y=a(p(x)=gq(Vix)=(VI-x) -3=1-2-3 ¥
y=q(p(x))=-x-2 for x<1 v

_Q
—_

p(2))=g(v1-2)=g=1 which is not defined. v (3)

(i) Therange of y= q(p(x)) is y>-3. vv (2)

15
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Solutions
15. (8 marks)
(@ () x=1orx=-1 Vv (1)
N 1
ii <—.
@ <t
| | " g ) 1 |
I I S S \— I I
-3 -2 -1 0 1 2 3
v v (2)
1+x for x<0
b x)=1-|x|=
(0) f() || {1—xforx>0
1—2x for X<%
g(x)=|1-2x|= v
—1+2x for xz%
y v
N, /
y=1-2x y=-1+42x
l-x=-1+2x
: 2=3x
_ — 2
y=x-1 x==
. 3
) 1 2
=1-x
l x=0 or x:z
3
v v (5)
16. (4 marks)
v v
x—1)(x+1
(=) "
x(x—Z)
v v

16
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17.

(5 marks)
Prove that sin (49) =4 cos® (9) sin (9) —4cos (G)Sin3 (9) .

sin(46) = Im(cis (46)) v
:Im(cis(e))4 v

zlm(cos(6)+isin(9))4 14641
:Im( (cos(e) +4(cos )3(lSll’l )+6(00s(9))2 (isin(e))2 v
+4(cos(9))(zszn( )) +(isin(9))4 ) v

:Im(cos4(9)+4lcos ( )szn(9)+61 cos ( )sm2 (9)+4i3 cos(@)sin3(9)+i4sin4 (9))
=Im(cos4(9)+4lcos ( ) n(e) 6 cos’ ( )szn (9)—4icos(9)sin3(9)+Sin4(6)) v
sin(49):4cos ( )sm( ) 4cos( )sm (9)

()

END OF SECTION TWO
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